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Abstract. In this note we introduce a construction which assigns to an arbi- 
trary manifold bundle its fiberwise orientation covering. This is used to show 
that the zeta classes of unoriented surface bundles are not divisible in the 
stable range. 



1. Introduction 

The mapping class group Mg of a non-orientable surface Sg of genus g (that is, 
the connected sum of g copies of RP^) is defined to be 

Ng:^M^i^{Sg)) 

the group of components of the diffeomorphism group of that surface. If g > 3, 
the components of Diff(5g) are contractible [3], hence BMg ~ i?Diff(5g), and so 
the cohomology of BAfg (or the group cohomology of TVg) can be interpreted as the 
ring of characteristic classes for 5*^ -bundles. 

Wahl [S] has proved a homological stability theorem for these groups, which says 
that in degrees * < (5 — 3)/4 the cohomology groups H* {Ng) are independent of the 
genus g. We call this range of degrees the stable range. With rational coefficients 
these stable groups can be identified: there are certain integral characteristic classes 

in degree 4i and the map 

Q[Ci,C2,C3,...] ^if*(A/'<,;Q) 

is an isomorphism in the stable range. In [8] the second author calculates these 
stable groups with coefficients in a finite field, and tabulates some low-dimensional 
integral groups. 

The classes Ci are analogues of the even Miller-Morita-Mumford classes, for 
unoriented surface bundles. Galatius, Madsen and Tillmann [6 have studied the 
divisibility of the Miller-Morita-Mumford classes £ H* {Tac ; in the free part 
of the integral cohomology of the stable mapping class group Too- They find that 
the even classes are divisible by 2 and the odd classes are divisible by a denominator 
of a Bernoulli number. In [5J the first author studied the divisibility of the Miller- 
Morita-Mumford classes for surface bundles with spin structures, and it was shown 
that the divisibility increases by a certain power of 2 relative to the non-spin case. 
Continuing the study of divisibility of characteristic classes of surface bundles, we 
prove 

Theorem A. The universal zeta classes, Cn G -ff ^" (A/'g ; Z) , are not divisible in 
the stable range. Indeed, they are not divisible in the free quotient of cohomology 
i/^"gg(7Vg; Z) in this range. 
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This gives the trend that extra structure on the vertical tangent bundle, such as 
an orientation or a spin structure, gives extra divisibility of characteristic classes of 
surface bundles. 

2. Lifting diffeomorphisms to orientation coverings 

In this section, we will construct a natural homomorphism from the diffeomor- 

phism group DiS{M) of a smooth d-manifold to the group DifF~''(Af) of orientation- 
preserving diffeomorphisms of the orientation covering of M . This implies that any 
smooth fiber bundle p : E ^ B admits a two-fold covering it : E ^ E, such 
that p o TT : E ^ B is an oriented smooth fiber bundle and that the restriction of 
TT : E E to a, fiber of p is the orientation covering. 

Let M be a smooth rf-manifold, d > 0, and let A'^TM be the highest exterior 
power of the tangent bundle, which is a real line bundle. The total space of the 
orientation covering of M can be defined as 

(2.1) M := {M^TM \ 0) /M>o. 

The canonical map tt : M — > M is a two-sheeted covering. The space M is a smooth 
manifold, which is orientable. In fact, there is a preferred orientation of M. To see 
this, recall that an orientation of a d-dimensional real vector space V is a component 
of K'^V \ 0, or, in other words, one of the two points of (A''y\)/M>o. Thus a point 
in X e M is by definition an orientation of the tangent space T.^(^)M. On the other 
hand, the map tt is a covering and hence a local diffeomorphism. The differential 
T^TT at a; e M is a linear isomorphism T^M T^{x)m- It follows that T^M has 
a preferred orientation: the point x defines an orientation of T^i^^-^M and therefore 
one of TxM via the linear isomorphism Tj-ii. Using local coordinates on M, it is 
easy to see that the orientations of the tangent spaces TxM constructed above fit 
continuously together and define an orientation of M, the preferred orientation of 
M. 

Moreover, this construction is natural: a diffeomorphism f : M N oi smooth 
manifolds induces a diffeomorphism f : M ^ N which covers /. It is easy to see 
that / is orientation-preserving provided M and N are endowed with the preferred 
orientations. If 17 : iV — * P is another diffeomorphism, then g o f — g o f. Also, 
idjw = idjQ-. Finally, we did not use that / is a diffeomorphism, but only that 
the differential of / was nonsingular. It follows that the assignments M 1— > M 
and / / define a functor C from the category of smooth (i-manifolds and 
local diffeomorphisms to the category of oriented d-manifolds and orientation- 
preserving local diffeomorphisms. In particular, we defined a group homomorphism 
Cm ■■ Difr(Af) ^ Difr+(M). 

For a manifold M, we denote by ttm the covering map M ^ M and by Lm '■ 
M ^ M the unique nontrivial deck transformation. If / : M — > A'' is a (local) 
diffeomorphism, the following relations hold 

(2.2) TTjv o / = / o ttm; / o = tAT o /■ 

The morphism spaces of the categories and X^ have a natural topology, the weak 
C°°-topology, with respect to which the composition maps are continuous. Thus Xj, 
and X^ are topological categories. Using local coordinates, it is easy to see that the 
functor C is continuous. In particular, the homorphism jCm '■ Diff(M) — > Diff~'~(M) 
is continuous. 

Let us now discuss smooth fiber bundles. Let p : E Bhea, smooth fiber bundle 
with fiber a d-dimensional smooth manifold M and structural group Diff (M) (with 
the weak C°°-topology). Consider the associated Diff (M)-principal bundle Q ^ B, 
which has the property that Q Xj)if[(^M) M = E. Via the homomorphism Cm, the 
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manifold M has a DifF(Af)-action by orientation preserving difFeomorphisms. Hence 
the fiber bundle 

q:E:=Q Xuis{M) M ^ M 
is an oriented smooth fiber bundle with fiber M. Because of (|2.2p . there is a twofold 
covering tte : E ^ E, such that q = po'KE- Furthermore, there is a fiber-preserving 
and orientation-reversing involution i,e on E. We call E the fiberwise orientation 
cover of E. We summarize the results of this section. 

Theorem 2.1. The fiberwise orientation cover t: : E E of a smooth fiber bun- 
dle p : E ^ B is a two-sheeted covering whose restriction to any fiber Eh of p 
is the orientation cover of Eh. The composition q ~ poTr^ is an oriented fiber 
bundle. Furthermore, E and tte are uniquely determined by these properties ( up to 
orientation-preserving isomorphism) . 

We conclude with a simple remark. All the constructions in this section make 
sense when the manifold M (or the fiber bundle E) is orientable. If this is the case, 
then M is the disjoint sum of two copies of M . The choice of an orientation of Ad 
singles out a component of M . 

3. Characteristic classes of surface bundles 

In this section, we give a brief review of the theory of characteristic classes of 
surface bundles, both oriented and non-oriented. First we discuss the oriented case. 
Let TT : £^ ^ i? be an oriented surface bundle and let TyE be the vertical tangent 
bundle. It is an oriented 2-dimensional real vector bundle on E and thus it has 
an Euler class e{Ty{E)) G H'^{E;Z). We can consider T^E also as a complex line 
bundle (there is a complex structure on it, which is unique up to isomorphism) 
and the Euler class agrees with the first Chern class. The Miller-Morita-Mumford 
classes are defined to be 

K,,{E) 7r!(e(r„£;)"+i) £ H^"{B;Z), 

where TTi : H*{E;'Z) H*^'^{B;1?) is the umkehr, or cohomological fiber-integration, 
map. This definition cannot be generalized to the non-oriented case without fur- 
ther effort, because both the Euler class and the umkehr map only exist for oriented 
surface bundles. 

The concept needed for a generalization is the Becker-Gottlieb transfer [T] . Let 
p : E ^ B he & smooth fiber bundle with compact fibers diffeomorphic to F (not 
necessarily of dimension 2). The transfer is a stable map in the converse direction, 
more precisely, it is a map of the suspension spectra 

trfp : J:°°B+ Y.°"E+. 

Recall that the spectrum cohomology of the suspension spectrum of a space 
agrees with the ususal cohomology of the space X. Thus we can form the map 
trf* op* : H*{B; Z) ^ H*{B; Z), and for aU x £ H*{B; Z) we have 

(3.1) M;op*{x)=x{F)-x, 

where xi^) denotes the Euler number of the fiber ([Tl, Theorem 5.5]). Furthermore, 
a q : E E is another smooth fiber bundle with compact fibers, then p o q is also 
such a fiber bundle. In this situation the composition of the transfers is homotopic 
to the transfer of the composition (see [2i Equation 2.2, page 137]): 

(3.2) trfpog — trf^ o trfp. 

A diffeomorphism f : M ~* N oi manifolds can be considered as a fiber bundle 
whose fiber is a point. By (|3.ip . 

(3.3) trf} o f* ^ id/f.(Af;Z), /* o trf} id^.(M;Z) • 



4 



JOHANNES EBERT, OSCAR RANDAL- WILLIAMS 



In fact, trf/ and ^) are fiomotopic, but we do not need tfiis fact. The transfer 

of an oriented fiber bundle p : E ^ B is closely related to the umkehr map. For all 
X e H*{E:Z), one has (see [2 Theorem 4.3]) 

(3.4) trf;(2;) =p.(a;Ue(r„£:)). 
The identity (13. 4|) implies 

(3.5) Kn{E) = M;{e{nEr) 

for the Miller-Morita-Mumford classes of an oriented surface bundle p : E ^ B. 
Because of the identity Pi{L) — e(L)^ for the Pontrjagin class of a 2-dimensional 
oriented real vector bundle L, we see that 

(3.6) K2n{E)^tri;{pi{nEr). 

This generalises to the non-oriented case. Wahl defines (PJ page 3]) 

(3.7) Q{E) := ti-i;{pi{T,Ey) e H^\B;Z), 

for a non-oriented surface bundle p : E ^ B, where pi(TyE) e H'^{E; Z) is the first 
Pontrjagin class of the vertical tangent bundle. Now we can state and prove the 
main result of this section. 

Theorem 3.1. Letp : E ^ B be a non-oriented surface bundle with compact fibers 
and let c : E —>■ E be its fiberwise orientation covering. Denote q :— p o c : E B . 
Then the following relations hold: 

(1) For all n > 0, we have K,2n{E) — 2 • Cn{E). 

(2) For all n > 0, we have 2 • K2n+i{E) — 0. 

Proof. For the identity (1), we compute 

K2n{E) = trf;((pi(r„^)") 

= trf;(trf:(c*(pi(r„i?)"))) 

= trf;(2.pi(r„i?)") 

= 2-Cn{E). 

The first eqality is (|3.6p . Because c : E E is a. smooth covering in every fiber, 
c*{T^E) ^ Ty{E), whence pi{T^E) = c*{pi{T^E)). Together with (gSl), this fact 
implies the second equality. Because c is a double covering, the Euler number of its 
fiber is 2. Thus trf* o c* = 2, which gives the third equality. The fourth equality is 
the definition. 

For the proof of identity (2), we use the orientation-reversing involution t on 
E. By dSSD, trf* = (t*)"! = t*. Because c o t = c, it follows that trf* = trf* o 
trf* = trf* o i* . Because l is an orientation-reversing fiberwise diffeomorphism, 
it induces an orientation-reversing vector bundle isomorphism di : TyE — > i,*TyE. 
Thus e{TyE) = -L*e{TyE). Thus 

K2n+i{E) - trf;trf:(e(T,(^)2"+i) 

= trf;trf:t*(e(T,(^)2"+i) 

= (-l)2"+itrf;trf:(e(r„(^)2"+i) 

= -K.2n+l{E). 

□ 

Remark 3.2. An implication of this theorem is that for an oriented surface bundle 
E' B, the characteristic classes 2- K2n+i{E') are obstructions to E' admitting an 
orientation-reversing fixed-point free fiberwise involution. Furthermore, for bundles 
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which do admit such an involution, it gives an interpretation of ^K2n{E') as the 
zeta classes of the associated quotient bundle of non-orientable surfaces. 

4. An EXAMPLE 

In this section, we consider the rather easy example of a genus zero surface 
bundle. Let 73 — > BS0{3) be the universal 3-dimensional oriented Riemannian 
real vector bundle and let §(73) — > BSO{3) be its unit sphere bundle. It is known 
that this is the universal smooth oriented bundle with fiber S^, but we do not need 
this fact. It is not hard to sec that K2n(§(73)) — 2^1(73)", compare |4j page 49]. 
The bundle §(73) admits an orientation-reversing, fixed-point free involution on 
its fibers, namely the antipodal map — id. The quotient is P(73), the RP^-bundle 
associated to 73. By Theorem 13.11 we have 

(4.1) 2C„(P(73)) =2pi(73)". 

The integral cohomology ring of BSO{3) is not too hard to compute. Denote by 
X G H^{BSO{'d);lj) the universal Euler class. Then we have 

(4.2) if* (550(3); Z) -Z[pi,x]/(2x). 

To see this, one uses the Leray-Serre spectral sequence of the fibration §^ 
BSO{2) — > BSO{Z). In particular, the powers ^"(73) are not divisible in the 
free quotient HJ^^^{BS0{3y,Z) of i/*(BS'0(3); Z). We have shown: 

Proposition 4.1. The class Cn(IP'(73)) is not divisible in HJ^^^{BSO{'S);Z). 

Remark 4.2. It may look a bit confusing that the universal RP^-bundle has base 
space BSO{3), but this is indeed the case. The reason is the isomorphism of groups 
PO(3) ^ 0(3)/{±l} ^ 50(3). 

5. A REVIEW OF THE STABLE HOMOTOPY THEORY OF SURFACES AND PROOF OF 

Theorem [X] 

In this section, we give a brief survey of the modern homotopy theory of surface 
bundles developped by Tillmann, Madsen, Weiss and Galatius. Let us first discuss 
the oriented case. A good survey can be found in [5] , which also contains references 
to all relevant papersQ A new proof of the main results which can be generalized 
to the non-oriented case can be found in [7j. 

Consider the universal complex line bundle L — > BS0{2). There does not exist 
a vector bundle V such that V (B L is trivial. But we can define an additive inverse 
L-*- of L as a stable vector bundle. The Madsen-Tillmann spectrum MTSO(2) is 
by definition the Thom spectrum of L^. For any oriented surface bundle E ^ B, 
there exists a natural map 

as-.B r2;^MTSO(2) 

into the unit component of the infinite loop space of the Madsen-Tillmann spec- 
trum. In particular, it can be defined for the universal oriented surface bundle with 
fibers a surface Fg of genus g. We obtain a universal map 

ag : BDiff+(i^g) rjg°MTSO(2). 

For aU n > 0, there exists a cohomology class y„ £ H'^''{n^MTSO{2);Z) such 
that for any surface bundle 

(5.1) aUVn) = n„{E). 



The paper |6] uses a different notation: they denote MTSO(2) by CP; 
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The rational cohomology of rig°MTSO(2) is isomorphic to the polynomial ring 
Q [yij 2/2, ■ • ■]■ The map ag induces an isomorphism on homology groups in the 
stable range, that is, 

Hkiag) : i/fc(BDiff+(^^g);Z) ^ i/fe(r!S°MTSO(2); Z) 

is an isomorphism as long as g >2k + 2. 

Similar results are true in the non-oriented case. The Madsen-Tillmann spec- 
trum is replaced by MTO(2), which is the Thom spectrum of the stable inverse 
of the universal 2-dimensional real vector bundle over BO{2). There exists an 
analogue of the map a for any non-oriented surface bundle. There are classes 
Xn e i?''"(f7g°MTO(2);Z), n > 0, such that a|j(a;„) = CniE). These things 
are completely analogous to the oriented case. The rational cohomology ring of 
ri°°MTO(2) is isomorphic to the polynomial ring Q [a;i,a;2, . . .]. 

The analogue of the Madsen- Weiss theorem is also true in the non-oriented case. 
More precisely 

(5.2) Hkia-Z) : i/fc(SDiff Z) ^ i/fe(r!S°MTO(2); Z) 

is an isomorphism as long as 4A: -I- 3 < g. The proof of this theorem consists 
of two parts: one part is the proof of the analogue of the Harer-Ivanov stability 
theorem in the non-oriented case and was done by Wahl [9]. The other part is 
the determination of the homotopy type of an appropriate cobordism category by 
Galatius, Madsen, Tillmann and Weiss [7]. 

Proof of Theorem\^ This is now straightforward. We assume that the universal 
class Cn is divisible in the stable range. It follows, by (|5.2p that the class Xn & 
ff''"(n~MTO(2);Z) is also divisible. We have seen in Proposition O that the 
image of a;„ £ i?'*"(BS'0(3); Z) under the map a : 330(5) r2°°MTO(2) is not 
divisible. This is a contradiction. □ 
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